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ABSTRACT: This paper presents a simple approach to wrapping a computable general
equilibrium (CGE) model around a behavioural microsimulation (BMS) model. The approach is
akin to decomposing an integrated CGE model into a partial equilibrium (PE) or a BMS model
and a ‘residual’ CGE model. This is likely to improve the BMS analysis when changes in labour
supply are projected to be large. Specifically, this paper outlines how a household module with
many households can be separated from the CGE model and how the resulting PE sub-model
and CGE model can be solved iteratively, so that the equilibrium is identical to that obtained
with an equivalent fully integrated model. The paper focuses on two challenges that arise when
linking and solving the two models: how to find a convergent solution and how to ensure that it
is a true general equilibrium solution. This involves ensuring that databases and theory in both
models are consistent and fit exactly with each other. Some cases may require the use of a
temporary slack variable to facilitate convergence. The approach has the potential to extend the

range and quality of the analysis of policy-relevant issues.
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1 INTRODUCTION

Computable general equilibrium (CGE) models are very useful for analysing the impacts of policy
changes on the economy as a whole. However, as CGE models are typically built on the basis of
input-output tables, many sub-sectoral details are often omitted due to aggregation. For
microeconomic analysis at the sub-sectoral or sub-regional level, the most useful tool is the
partial equilibrium (PE) model. Due to the different characteristics of individual sectors or
regions analysed, the types of PE models vary widely, ranging from behavioural microsimulation
(BMS) models with large samples of households to detailed industry-specific models with

individual firms and their unique cost structures or technologies'.

Researchers have tried to bring the two types of models together to overcome their respective
limitations, by integrating micro data and behaviour into a CGE framework. There are two major
approaches. One is the so-called top-down (TD) approach, in which the simulation results of a
CGE model are transmitted to a PE model, where the corresponding variables are exogenous, to
gain a sense of distributional effects. For example, a microsimulation (MS) model might be used
to calculate the effects of changes in wages and prices on individual households’ budgets. In this
approach any household responses in terms of consumer demands and factor supplies are not
fed back to the CGE model. Despite this limitation, this approach remains popular among

researchers, mainly due to its simplicity and ease of implementation®.

The other approach is more sophisticated and known as the top down-bottom up (TD-BU)
approach. In addition to the top-down effects from a CGE model, this approach also takes into
account the “bottom-up” responses to the initial CGE changes of individual households from a
behavioural microsimulation (BMS) model. This feedback effect enables the CGE model to
account for behavioural responses from the BMS model. Typically, the CGE model is provided
with quantity changes from the BMS model, while the BMS model is provided with price changes
from the CGE models. This approach requires two models to perform iterative simulations until
their solutions converge. Bourguignon and Savard (2008) refer to this process of iterating

between prices and quantities as a fixed point algorithm”.
Savard (2003) links a CGE model and a BMS model to simulate the distributional impacts of a

tariff reduction on a large number of households in the Philippines (see also, Bourguignon &

Savard, 2008). A sample of similar studies includes: Fredriksen, Heide, Holmoy, and Solli (2007)
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who combine a dynamic microsimulation model of government pension expenditures and a large
CGE-model of the Norwegian economy to estimate the extent to which two reforms of the
public pension system might improve fiscal sustainability and stimulate employment. Aaberge
Colombino, Holmey, Strom, and Wennemo (2007) link a micro model of household labour
supply with a CGE model of the Norwegian economy to analyse the impacts of population
ageing. Both studies solve the models iteratively, with changes in labour supply determined by the
micro model and used by the CGE, which determine changes in wage rates, cash transfers and

capital income.

Savard notes, however, an important limitation in this approach, “nothing guarantee[s] a
converging solution to be found; therefore it must be validated and numerically checked for the
introduction of each new hypothesis” (Savard, 2003, p. 8)*. In a recent survey of microsimulation
models, Cockburn, Savard, and Tiberti (2014, p. 8) also conclude that the ‘main shortcoming of

this technique is that convergence is not guaranteed and must be verified for each simulation’.

The lack of convergence typically originates from the two linked models having different
behavioural assumptions or using inconsistent databases. Typically, a BMS model includes
consumer demands for each household, whereas, in most CGE models, especially those used in
TD-BU, consumer demand is modelled for a single representative household. These two demand
systems can be difficult to reconcile’. If the two databases are also not fully consistent, a
convergent solution can be even more difficult to reach®. More importantly, the data
inconsistency could distort the simulation results. As Colombo (2010, p. 90) notes, “data
inconsistencies between the micro and the macro datasets can also affect results seriously [...]
one is left unable to distinguish which is the part of the resulting change that is due to feedback

effects and which is the part due to data inconsistencies.”

The issue of data inconsistency can only be resolved by adjusting the datasets. In fact, data
reconciliation paves the way for developing a more zntegrated approach, in which a PE sub-model
is integrated fully into a CGE model. Although the idea of integrated models is not a new one,
only limited attempts have been made to build fully integrated models to date”. Some practical
difficulties prevent this approach from being adopted widely. One of the difficulties is the
problem of dimensionality: the micro dataset can be too large, making the integrated model
difficult to solve. A more serious problem is the difficulty of introducing complex functional

forms or discrete rules and conditions, commonly used in PE models, into a CGE framework,
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particularly when it is written in percentage change form. As CGE models are typically built with
smooth, “well-behaved” functions to make them tractable, introducing the kind of complexities
that are found in PE models could make a CGE model unsolvable®. This is why, despite the
integrated approach being compelling in principle, in practice, some integrated models have been

decomposed into two separate models and solved iteratively.

For instance, Rutherford, Tarr, and Shepotylo (2004) integrated over 30,000 household types in a
CGE model to analyse the distributional impacts of Russia’s accession to the World Trade
Organisation (WTO). As the integrated model was too large to be solved efficiently, a
disaggregated household module was separated from the CGE model and the two models were
solved iteratively. However, as the aggregate household in the CGE model has its own demand
function, different from that of the disaggregated households, an algorithm was required so that,
in each iteration, the demand parameters in the CGE model could be recalibrated to emulate the
solution obtained from the household model, effectively neutralising the original aggregate

household behaviour in the CGE model.

Arntz, Boeters, and Gurtzgen (2005) integrate a discrete choice labour supply function into a
CGE model with 26 household groups. Arntz, Boeters, Giirtzgen, and Schubert (2006) extend
this model to include 3,000 household types to analyse German welfare reform proposals
designed to encourage labour force participation. This model proved too big to solve as a single
model so the authors separated the two models and solve the system iteratively. With only one

variable (aggregate labour supply) to link, the authors found that two models converged quickly.

There seems to be a dilemma in trying to bring detailed household activities into CGE models.
On the one hand, the integrated model is compelling, but it cannot fully incorporate complex PE
model behaviours because doing so makes the integrated model intractable. On the other hand,
the iterative approach does not guarantee a convergent solution. Obtaining a valid solution
depends largely on trial-and-error or continuous adjustments to one model to match the other - a
long procedure with an uncertain outcome. The challenge is, therefore, to find a modelling
approach, which (a) is flexible enough to allow complex functional forms or conditions to be
included in a GE framework; (b) is powerful enough to solve models with large datasets quickly;

(c) always produces a converging and GE solution.
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In fact, if a PE model can be solved as part of an integrated CGE model, it should be possible
for the same PE model to be solved outside the CGE model, using an iterative method to
produce the same solution. The success of such a method relies on two conditions: (a) the
databases of the two models must be fully consistent with each other; and (b) the two models
must be structurally dependent on each other without overlapping behavioural functions. In a
CGE-BMS context, the CGE model should have no household behaviour, and the BMS model
should have no price formation mechanism. The missing components of one model are
exclusively determined by reference to the other. In other words, the two models are not stand-

alone: they are “separate, but integrated”.

The first condition ensures that the solution is not affected by any database discrepancies while
the second condition ensures that the separate PE model is still a part of the overall CGE model.
Under these conditions, if the correct linking variables are used, iterative simulations should
produce a convergent solution and no additional calibrating algorithms, such as those used in

Rutherford et al. (2004) are needed.

In this paper, an integrated model provides a starting point for building such structurally linked
models. Take an integrated model with multiple households as an example. The household
module can be solved as an integrated component of the CGE model using conventional
solution methods. Alternatively, the CGE model can be partitioned so that the household
module is solved as a separate sub-model conditional on the rest of the CGE model. As the
households in the sub-model are price takers, they respond to a given set of price changes by
adjusting their demands for goods and supplies of factors. These quantity responses are
aggregated to determine the behaviour of the aggregate household in the CGE model to solve for
a new set of equilibrium prices to be used in the next iteration. As the two separate models
complement each other structurally, these iterations emulate the interactions that the household
module would have with the rest of the CGE model if it were solved as a fully integrated model.
As a result, a convergent solution should be expected and should always be identical to that from

the integrated model’.

More importantly, as the sub-model is outside the CGE model’s equation system and solved
separately, it becomes free from the constraints that some conventional solution methods impose
on the CGE model. As a result, the sub-model can be modified to incorporate more

sophisticated functional forms or policy rules that would jeopardise the tractability of the model.
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In a household module, more flexible behavioural assumptions or discrete rules and complex
conditions for tax and transfer payments at the individual household or person level can be
readily implemented. Moreover, the sub-model can also be written in any form, linear or
nonlinear, not necessarily in the same form as the CGE model. So long as these modifications do
not alter the initial data consistency with the main model, a convergent and undistorted solution

remains guaranteed.

This paper will use an integrated CGE model with a large sample of Australian households as an
example to illustrate how the approach is implemented. The remainder of this paper is organised

as follows.

In section 1, a simple-structured CGE model of the Australian economy and an Australian
household survey dataset are used to build an integrated CGE model in which the aggregate
consumption function of a single representative household is replaced by the individual
consumption functions of a large number of household types'. In this model, for simplicity, each
household is assumed to display Cobb-Douglas preferences, which are parameterised with its
own unique consumption pattern'’. This integrated CGE model is first solved using conventional
solution techniques. Once the existence of a GE solution is confirmed, the household module is
then separated from the integrated model to be used as a separate household sub-model, referred
to as 2 BMS" model. The remainder of the integrated model is reduced to a conventional one.
However, the representative household in this model becomes an accounting unit with no

behaviour"”.

Section 2 illustrates how to solve a BMS model with a linked CGE model iteratively. Two cases
are discussed. In the first case, the household BMS model, developed in the first section, is
solved iteratively with the CGE model to demonstrate that a convergent solution can be found
and, more importantly, that the solution is identical to that from the integrated model, a true GE
solution. As the two solutions converge quickly without any complication, this case is regarded as
well-behaved. A second and more complex example is also presented to show how the same
iterative approach can be used to find a convergent GE solution when a model is not well
behaved. The second example may represent a more general case, in which a slack variable is
required for realigning the household budgets between the two linked models in the iteration

process.
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Section 3 shows that, once the iterative solution is verified, the same database can be used to
build a different BMS model, with more complex behavioural assumptions, and discrete rules and
conditions for income tax and transfer payments'®. The paper modifies the simple BMS model to
introduce a more realistic income tax schedule and a truncated labour supply function to show
that it can still be solved iteratively with the CGE model to produce a convergent and GE

solution.

The paper concludes with some comments on the possible applications of the ideas behind the
iterative approach to partitioning of other parts of a CGE model. The paper focuses on how and
under what conditions convergence is achieved, instead of the actual simulation results. For
GEMPACK?" users, a simple and effective way of linking and iteratively solving separate models

is provided in Appendix A.

2 BUILDING AN INTEGRATED CGE MODEL WITH MANY HOUSEHOLDS
AND SEPARATING THE HOUSEHOLD SECTOR

This section outlines a procedure for creating a detailed household model that accounts for
market interactions. The process starts from building a CGE model that integrates a detailed
household module. It shows how the household module is taken out of the integrated model to
form a separate BMS model and how the BMS model is linked with the rest of the CGE model.
Although it is not necessary to follow this approach, an important advantage of building a BMS
model from an integrated model is that it ensures the BMS database is fully consistent with the

CGE database.

The integrated model database is drawn from two sources: a 104-industry input-output table
(Australian Bureau of Statistics, 2015) and household survey data for 9,774 sample households
and more than 18,000 persons (Australian Bureau of Statistics, 2012). The method used to
reconcile the two datasets is detailed in Appendix B. The model consists of 40 equations, which
are essential for the model’s general equilibrium solution. A full list of the core equations is

provided in Appendix C.10

The household module is included in Sections 5 and 6 of the integrated model, provided in

Appendix C. It has 11 equations (Equations 30-40) and, therefore, it is easy to take it out of the

ZHANG  Solving A Partial Equilibrium Model In A CGE Framework: The Case of A Behavionral Microsimulation Model



INTERNATIONAL JOURNAL OF MICROSIMULATION (2017) 10(3) 27-58 34

integrated model’s system and use it as a separate BMS model. This sub-model consists of two
sections: one defines various sources of household income and demands for goods and services;
the other calculates a set of aggregate variables that are used in linking with their counterparts in
the CGE model. In this implementation, the CGE assumptions about fixed factor supplies,
income tax rates and real transfer payments remain unchanged so that the solutions from the
integrated and the iterative models are comparable. These assumptions will be relaxed in Section
3, when the BMS model is modified to introduce household labour supply behaviour and more

complex income tax rules.

Initially, the individual household saving rates, S(IZ)W, are determined by the household survey data
as the difference between disposable income and expenditure income. In the iterative
simulations, these saving rates can be adjusted to accommodate any changes in the aggregate
household saving rate of the CGE model. Temporary changes might be required when using the

slack variable approach to be explained below.

With the household module taken out, the integrated model is reduced to a conventional CGE
model with only one representative household. However, it has a fundamental difference from a
conventional model: it becomes ‘Zncomplete’ because it has no household behaviour. The
household behaviour has been ‘decomposed out’. The household sector is an accounting unit: the
behaviour of the aggregate household is simply the aggregation of individual household

behaviours as taken from the BMS model. The CGE model uses some aggregate variables to link
with the BMS model: total factor supplies (X(Ij)b and X Cap), income tax and total aggregate benefit
(t hot and X bEIB, and total household demand for each composite good (Q_I;]Egn) which appear in

Equations 11, 12, 13-1 and 16-2 (Appendix C). Note that these variables are originally

endogenous in the integrated model and now become exogenous in the new CGE model.

The household model, formed with the 11 equations from the integrated model, takes changes in
all prices and in the average saving rate from the CGE model — the factor price variables (P(f;b and
P™) and goods price variables (P ZZ(C howy and P tc( hou)) are originally endogenous in the
integrated model and now become exogenous in the household model. The aggregate household

in the CGE model takes aggregated changes in all quantities and changes in the income tax rate

and benefits from the household model as exogenous changes. The linkage between the two
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models can be explained by the links between two aggregate household budgets as shown in

Figure 1.

Figure 1 Variables linking the BMS and the CGE models.

Aggregate household

In CGE model Disposable Income - Saving = Expenditure
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Disposable Income:1 | _— | Saving: | = Expenditure 1
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Individual households
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Disposable Income n ‘ — Savingn ‘ = ‘ Expenditure n

Notes: Variables L, b, t and C are exogenous changes imported from the BMS model to the CGE model, while variables W, s and P are
exogenous changes imported from the CGE model to the BMS model.

In the two initial databases, the aggregate household budgets are identical and balanced:
disposable income, net of savings, equals expenditure. Disposable income is equal to factor
income (WL) plus transfer payments (4), net of income tax (4. When the household module is
separated from the CGE model, the budget constraint for the aggregate household in the CGE
model no longer holds because income and expenditure are determined separately by exogenous
changes from the household model. In iterative simulations, the delayed responses of the two
models to the changes from their counterparts result in temporary discrepancies in the household
budgets, as indicated by the inequality in Figure 1. To monitor the discrepancies in the aggregate
household budget, a new variable H is introduced in the CGE model, which is defined as the gap

between disposable income and expenditure (Equation 1)

hcom ou hou hcom

t t
H=Erpouny = Py rhour) Qi) = (1-55 ) =Prmouy Queo 1)

A diminishing value of variable H indicates that the process is converging. Once full convergence
is reached, the household budgets in the two models are equal, and the value of variable H

should be zero (or very close to zero).
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An increasing value of variable H is a sign of divergence in the two model solutions. In this case,
variable H can be set as exogenous to fix the household budget so that the saving rate can be
used as an endogenous slack variable to capture any gap between disposable income and
expenditure that may appear in the iteration process. The endogenous changes in the saving rate,
captured in the CGE model, are transmitted to the BMS model so that all household saving rates
can be adjusted to ensure that the changes in the aggregate household budget in the BMS model
are in line with that in the CGE model in every iteration. If the saving rate is assumed to be
unchanged in the simulation, a partial adjustment mechanism can be used to facilitate the saving

rate’s return to its initial level in the final equilibrium"’.

Some models may be “well behaved” and readily converge to a solution without the use of a
slack variable. However, as shown in the following section, if two linked models are not well-
behaved, using the saving rate as a slack variable becomes necessary to bring the two models to a

convergent solution.

3 SOLVING THE BMS MODEL IN A CGE FRAMEWORK ITERATIVELY

This section illustrates how to solve a household BMS model with a linked CGE model
iteratively to produce the same GE solution as an integrated model does. The key to this result
lies in the complementarity between the two models, which makes the households in the BMS
model respond to the CGE price changes as if they were fully integrated in the CGE model. Two

examples are discussed in the following: a well-behaved case and a not well-behaved case.

3.1 A well-behaved case

This section shows first a well-behaved case, which is represented by the two linked models
discussed in the previous section. These two models are solved iteratively without the use of a
slack variable. The performance of the two models in iterative simulations is illustrated in the
goods market. The iterative solution is then compared with the solutions from the integrated

model to verify that it is a true GE solution.
The policy experiment begins with a 10 percent reduction in import tariffs in the CGE model.

The resulting changes in goods and factor prices are passed to the BMS model. Each household

changes its demand for commodities. The responses in the households’ consumption in the BMS
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model are then aggregated and fed back into the CGE model, together with the original tariff

changes. This process is repeated until the solutions converge.

In this experiment, it takes only five iterations for the two models to converge. The convergence
process in the goods market is plotted in Figure 2a. This process can be seen as a series of partial
adjustments between a supply curve, implied in the CGE model, and a demand curve, implied in
the BMS model. The initial aggregate household expenditure is at point 0, where the CGE supply
and BMS demand are in equilibrium. As household demands are fixed exogenously, the demand
curve in the CGE model is a vertical line through point 0. The exogenous changes to the import
tariffs reduce the purchaser’s price of goods and services and shift the CGE supply curve

vertically down to a new equilibrium at point 1.

Figure 2a: Convergence in the goods market: import tariff changes.
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Notes: The origins of the two axes are not from zero. This applies to Figures 3, 5 and 7 below.

The decreases in the prices of composite goods are then used as exogenous changes in the BMS

model, implying that the supply curve in the BMS is a horizontal line through point 1. With a

ZHANG  Solving A Partial Equilibrium Model In A CGE Framework: The Case of A Behavionral Microsimulation Model



INTERNATIONAL JOURNAL OF MICROSIMULATION (2017) 10(3) 27-58 38

large fall in goods prices, the BMS demand increases to point 2. It should also be noted that
household income is also reduced slightly because transfer payments are indexed to the consumer
price index (CPI), which decreases with the tariff. Therefore, when goods prices fall, household
real incomes fall accordingly. This offsets part of the increase in household demand that is due to

the initial fall in prices through a shift of the demand curve.

In the second iteration, the increases in household demands from the BMS model are used to
insert exogenous changes to the CGE model. With a new demand curve given by the vertical line
through point 2, the same tariff changes result in a less severe fall in the prices of goods in the
CGE model than in the first round, so that the supply curve shifts only down to point 3 (from
point 0)'*. Due to the indexation of transfer payments, household real income is also higher than
it was in the previous iteration. With these new price changes, households in the BMS model
respond by increasing their demand and pushing the CGE household demand curve horizontally

to point 4.

After the first two iterations, the two models enter a familiar cobweb pattern of adjustments
(Figure 2b, an enlarged display of the circled area in Figure 2a). After a few more iterations, the
two models converge to an equilibrium solution at point C, where the CGE supply curve and the

BMS demand curve intersect each other.
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Figure 2b: Cobweb converging toward equilibtium in goods market: import tariff changes.
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The convergence has two distinct phases. In the first phase, the process follows a single
direction, while in the second phase, it follows a cobweb pattern. The first phase involves some
realignment of household incomes between the two models. Once the income discrepancies,
created by the lagged adjustments between the two models, are reduced to a relatively low level,
the cobweb phase begins. The phase of income realignment is crucial for the cobweb
convergence. In the above example, the income realignment is achieved without the introduction
of a slack variable because the aggregate household saving rate is quite low (only 2.2 per cent of
aggregate disposable income according to the survey data). This implies that household
expenditures account for almost the entire disposable income in aggregate, so that it is not
necessary for the small changes in the saving rate to be transmitted back to the BMS model. This
is because the price feedback from the CGE model captures all the changes required for the BMS
model to produce a consistent response, including the required adjustments in household
income. As a result, the income realignment between the two models can be achieved through
the CGE price changes alone, and a slack variable is not required"’. It should also be noted that,
in this model, the majority of savings comes from the part of capital income that accrues to

tirms, which is outside the household module and does not rely on the feedback from the BMS
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model to reach equilibrium. This feature also facilitates the convergence in the iterative

simulation process (see Appendix Table A.2 for data details).

Figures 2a and 2b show that convergence is quick and smooth, implying that both models are
well-behaved. As Colombo (2010) mentioned, however, a convergent solution may not be a true
GE solution due to data or model inconsistencies. To verify whether this solution is a true GE
solution the same simulation is conducted with the integrated model. The results from the
iterative models are found to be identical to those from the integrated model. This confirms that
the iterative approach can be used as an alternative solution method to the integrated approach in

this case.

3.2 A not well-behaved case

Not all models are well-behaved. For example, if the saving rate is high, holding the saving rate
fixed during the iteration process tends to increase the gap between household disposable income
and expenditures and, therefore, lead to diverging solutions. This section will present the case of
two linked models that are not well-behaved because the household data imply a large aggregate

savings rate.

To demonstrate this case, a different household survey dataset with a higher average saving rate is
needed. As the structure of the integrated CGE model is determined by the household data, a
different CGE model also needs to be used. The model and database used in this case are taken
from another integrated CGE model of the Australian economy, described in Zhang (2015)*. As
before, the household module is taken out of the integrated model to be used as a separate BMS
model. In the integrated CGE model, the household demands for composite goods are turned
off and replaced by the exogenous changes derived from the simulation outcome of the BMS
model. Likewise, in the BMS model, the changes in all prices of goods and factors are taken from

the simulation outcome of the CGE model.

The simulation is a one-percent increase in the supply of the occupation ‘labourers’ by
households in the BMS model. As above, the simulation is first conducted with the integrated
model, using a conventional solution method, to produce a set of results to compare with the

results from the iterative method.
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The same experiment is conducted with the two linked models. As in the previous case, the
budget balance of the aggregate household in the CGE model is allowed to vary, through
endogenous variable H in Equation 1, while saving rates for individual households in the BMS
model remain fixed. The iterative interactions between the two models in the aggregate goods

markets are plotted in Figure 3a.

Figure 3a: Diverging responses in the goods market without a slack variable: labour supply increase in the BMS model.
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It is clear from the figure that the models are not well behaved. The increase in labour supply
causes the quantity responses of the BMS model and the price responses of the CGE model to
move away from each other. These diverging responses follow a cobweb pattern and can be seen
from the widening gap between the CGE supply curves and the BMS demand curves (these are
the small curves that shift at each iteration shown in the figure). The lack of convergence is
attributable to a relatively large aggregate saving rate (about 30 percent) in the BMS database, a
large initial gap between the aggregate household disposable income and expenditure. If the
changes in this gap in the CGE model are ignored by the BMS model, the price feedback from
the CGE model alone is unable to align the aggregate household budgets across the two models.
Without adjusting saving rates, the income on which the households in the BMS model base their

demand decisions would be inconsistent with the income in the CGE model. This inconsistency
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cumulates over the iteration process and produces the diverging cobweb pattern shown in Figure

3a.

However, the integrated model has already shown that a solution exists, which should be at the
centre of the cobweb point C. Now the question is how to induce the two models to reach the

observed equilibrium solution at point C. The answer lies in the household saving rate.

To avoid divergence, a simple solution is to swap the endogenous variable H with the exogenous
. h . . .
variable S(--?:,/v) in the CGE model, that is, to impose household budget balance and set the

household saving rate endogenous. The saving rate (S_];ms is now used as a femporary slack variable
to capture possible discrepancies between the household budgets in the CGE model. In the
iteration process, endogenous changes in the household saving rate are transmitted from the
CGE model to the BMS model so that the household budgets in the BMS model are realigned
constantly with the aggregate household budget in the CGE model, which induces the
households in the BMS model to make decisions on the same income basis as in the CGE model.
This income realignment prevents the response of the BMS model from generating a diverging

path.

The use of the saving rate as a slack variable allows it to deviate temporarily from its original level
in the iteration process. The saving rate needs to be gradually brought back to its initial level in
the iteration process. This is achieved by applying a partial adjustment factor (for example, 0.5) to
the savings rate changes from the CGE solution, when they ate transmitted to the BMS model®'.

The iteration results for the goods market are plotted in Figure 3b.

As shown in Figure 3a, in the first BMS simulation, with goods prices fixed, an increase in the
labour supply increases the demand for composite goods from point 0 to point 1. The first CGE
response is an increase in the price from point 1 to point 2. Without the endogenous saving
adjustment, the next round of CGE price feedback would induce a quantity response of the BMS

model from point 2 to point 3 and lead to a diverging process.
As shown in Figure 3b, with the partial adjustment mechanism, the quantity response in the BMS

model is also halved (compare with Figure 3a). As only half of the response of the BMS model is

fed back to the CGE model in every iteration, the price responses of the CGE model are also
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diminishing. The previous cobweb diverging process is therefore replaced by a cobweb
converging process. Unlike in Figure 3a, the implied supply and demand curves are now gradually
shifted toward equilibrium point C with a diminishing gap, as the household budgets continue
adjusting. Finally when the goods market reaches equilibrium at point C, a convergent solution
for the two models is reached. This solution is found to be identical to the one obtained with the
integrated model. This confirms that the iterative approach has produced the same GE solution

as that obtained with the integrated model.

Figure 3b: Cobweb converging toward equilibtium in the goods market with saving rate as a slack variable.
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This example shows how the use of the slack variable brings not-well-behaved models to a
converging solution. Without a slack variable to adjust the BMS household budgets, the two
models would not converge, even though the integrated model showed that such a solution

exists.

A slack variable can also be used to solve well-behaved models such as that shown in the first
case, but it requires a longer iteration process. This is because the savings adjustment is a slow
process. Therefore, if some linked models are known to be well-behaved in iterations, it may be

inefficient to use the slack variable approach to find a solution.

ZHANG  Solving A Partial Equilibrium Model In A CGE Framework: The Case of A Behavionral Microsimulation Model




INTERNATIONAL JOURNAL OF MICROSIMULATION (2017) 10(3) 27-58 44

4 REVISING THE BMS MODEL TO INTRODUCE MORE FLEXIBLE
FUNCTIONAL FORMS

The household sub-models used above are taken directly from integrated CGE models, in which
households have only simple behaviours with given factor endowments. Once the iterative
simulation produces the same solution as the integrated model, more flexible structures and
complex functional forms, normally unsolvable when embedded in an integrated CGE model,
can be readily introduced in the sub-model. No matter how the structure and the behavioural
assumptions of the sub-model are modified, so long as they are calibrated to the same initial
database, the interactions of both models will still be consistent with each other in iterations,

which ensures a convergent and GE solution.

Moreover, to introduce more sophisticated behaviours for economic agents and more realistic
policy settings, the sub-model might be written in a format that differs from that used for the
CGE model. For example, the sub-model can be written in nonlinear form, or levels, instead of
in the percentage change form that is typically used for a CGE model to allow for more flexible

functions to be introduced.

This section uses the simple household model, developed in Section 1, as an example to show
how such a simple model is converted into a more flexible BMS model and still solvable using
the iterative approach. In the following, two examples of modifications are discussed. First, the
fixed labour endowment is replaced by a more sophisticated labour supply function. Second, a
more complex income tax schedule is introduced. These are the features of the BMS models that
might be required to analyse the impacts of changes in income tax policies on individual
households or persons. This section also shows that a GE solution is still obtainable for these
more complex BMS models if solved with a linked CGE model, using the same iterative

approach as above.

4.1 Introducing household labour supply

In the BMS model database, some households have persons who are employed and receive
labour income. In the household survey, employment status is classified as “employed”,

“unemployed” and “not in the labour force”. The employed are further classified as “full-time”
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or “part-time”. For each employed person, there is information about their occupation (eight
categories), weekly working hours (up to 50 hours) and annual labour income. This rich
information in the household survey allows labour supply to be defined at an individual person’s
level, as a function of an hourly wage rate® as well as policy-related factors that affect disposable

labour income, such as income tax rates and various transfer payments.

The supply of occupation o by person 7 in household 4 is defined as a function of the market

wage rate net of personal income tax, as follows (Equation 2),”

lab tlab &)

ab
/Y(lo,h,n) = Aohn) (Pohn) 2
tlab . .
where P, 5 is the post-tax wage rate (Equation 3),
tlab lab hou
Plonm = Ponn (1= L) (3)

. . . . . . lab
and, &¢) is the elasticity of labour supply for occupation o with respect to its wage rate, P4 n),

. . . . hou . .
which is the wage per hour of occupation o for person # in household 4, and £ is the income

tax rate >,

The labour supply is illustrated in Figure 4. Point E represents an individual’s equilibrium weekly
hours worked in a particular occupation at the corresponding hourly post-tax wage rate. The
curvature of the supply curve is determined by parameter & When & = 1, the labour supply is
linear. Lower parameter values produce more curved labour supplies, implying that a labour
supply is less responsive to wage changes around E. There is also a maximum number of working
hours allowed each week. Once that limit is reached, the supply curve becomes vertical, implying

no more response in an individual’s labour supply to further wage increases.
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Figure 4: Labour supply curves with various elasticities.
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This labour supply responds positively to price signals. However, unlike the functions in a CGE
model, this function is truncated at a maximum of 50 hours per week or some specific working
hours below 50 for those who are identified as “fully employed”. They are assumed not to
respond to further wage increases. Even for those who are close to full employment, a slight rise
in wage rate may induce them to hit the limit. Therefore, a rise in wage rate may not necessarily
induce an expected rise in labour supply. Such possibilities may cause many conventional solution
methods to collapse. The following simulation is used to test if the iterative solution method is

flexible enough to handle such complications.

In this simulation, a 10 percent cut in the tariff rates for imports is introduced again in the CGE
model. This time, individual persons in the BMS model are able to respond to wage rate changes
by altering their labour supply decisions. The labour supply elasticity is set as 0.5 for all
occupations. Relative to the previous simulation in which labour supplies were fixed, the
introduction of labour supply functions implies more flexible supply-side responses and,
therefore, a greater number of iteration may be needed for the two models to converge. That

said, in this case, a solution is reached after about eleven iterations.
Figure 5a shows the converging process in the aggregate labour market. As before, the first three

simulations realign the household budgets between the two models (Figure 5a) and put the

labour-wage interaction on a converging cobweb trajectory (Figure 5b). This example shows that
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the iterative solution method is flexible enough to accommodate unconventional functional
forms so that a GE solution can be reached. More importantly, even if a convergent solution is
not found, this method produces temporary solution files that enable the user to track down
possible causes of the problem and resolve them by modifying relevant individual behaviours as

required.

Figure 5a: Converging process in labour market: import tariff changes from CGE model to BMS model with flexible labour supply.
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Figure 5b: Cobweb converging toward equilibrium in labour market: import tariff changes with flexible labour supply.
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4.2 Introducing marginal income tax rates

The household survey contains rich information on personal income taxes and various types of
transfer payments at the detailed personal and household level. Typically, these tax and transfer
payments are not specified in detail in a CGE model because the rules and conditions, on which
they are based, are typically too complex to comply with the requirements for solving with a

CGE model using conventional solution methods, such as the Johansen approach®.

A separate BMS model, built in levels, provides the flexibility to incorporate the complex rules
and conditions of an income tax and transfer system, rather than approximating them with
average tax rates as is often seen in CGE models. In the second example, a detailed income tax
schedule is incorporated in the labour supply function, introduced above, to illustrate how a BMS
model with these complex tax rules is solved in levels iteratively with a CGE model, which is

solved with linear algebra.
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Australia has a progressive income tax system. There are five marginal tax rates, applied to
different income ranges, as shown in Table 1. The household survey data also reports the
amounts of income tax each person paid, which accounts for deductions and other idiosyncrasies

of the tax system.

Table 1: Income tax schedule and simulated changes.

Income range ($)  Initial tax rates (%) Simulated changes (%) New tax rates (%)

0 - 18,200 0 0 0
18,201 - 37,000 19 5 19.95
37,001 - 80,000 325 5 34.13
80,001 -180,000 37 10 40.70
180,001 and above 45 10 49.50

Source: Australian Taxation Office (https://www.ato.gov.au/rates/individual-income-tax-rates/accessed 1 April 2016) and author calculations.

In the BMS model, the reported income tax T(IZZ), paid by a person in a household, is calculated

according to the person’s taxable income Ygzn,f) and the applicable marginal tax rates as follows

(Equation 4),

tinc tinc Ytinc

Ui = I (4 <18,200, 0) + if (18,201< ¥ <37,000, ( ¥ym — 18,201) x 0.19)

tinc tinc

+1f (37,001< ¥,»<80,000, (37,000 — 18,201) x 0.19 + ( ¥y — 37,001) x 0.325)

tinc

+ 1f (80,001<Y(;,,<180,000, (37,000 — 18,201) x 0.19 + (80,000 — 37,001) x 0.325

inc

+(Y4m —80,001) x 0.37)

tinc

+ 1f (180,001< ¥4, (37,000 — 18,201) x 0.19 + (80,000 — 37,001) x 0.325

+ (180,000 — 80,001) x 0.37 + (¥ — 180,001) x 0.45) + Ripyy @)
This equation shows that the observed income tax is defined as the sum of the estimated tax plus

. inc . . .
a residual R4 ), which captures the difference between the reported income tax payments and
the income tax payments estimated with the schedule. The proportion of this residual in total

income tax is assumed to be fixed, independent of any policy changes.
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The impact of income tax on the labour supply of a particular person is illustrated in Figure 0.
The ‘tax free’ labour supply curve intersects the horizontal labour demand curve (at the wage rate
paid by the firm) at point D. The income tax schedule shifts the worker’s supply curve down to
point S. The observed market wage rate is Wy and the associated labour supply is Lo. This
person’s taxable income is given by the area OWoDLo. The income tax is paid according to a set
of progressive marginal rates. This person’s after-tax wage rate is therefore equal to Wo(1- t),
where t is the income tax rate, derived from the total tax paid and the total taxable income. For a
given wage rate, a change in any tax rate alters the implied average income tax rate and the after-

tax wage rate, and therefore, induces a change in labour supply™.

Figure 6: Effects of income tax on labour supply of an individual person.
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In this section, the income tax schedule is assumed to change according to the exogenous
changes that produce the new tax rates in the last column of Table 1. This BMS model is solved
iteratively with the same CGE model used above. The process of convergence in the labour
market is shown in Figure 7a with the final stages enlarged in Figure 7b. The increase in income
tax in the BMS model reduces the post-tax wage rate and decreases labour supply. With the
market wage fixed, the total labour supply in the BMS model moves along a horizontal demand
curve from point 0 to point 1, indicating a fall in labour supply. With such a reduced labour

supply imposed in the CGE model, the market wage tends to rise, which increases labour costs
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for firms and reduces their demand for labour, as shown in the vertical shift of labour demand up
to point 2 in Figure 7a. As before, after realigning household budgets between the two models in

the first two iterations, the simulations enter the cobweb stage, converging toward equilibrium E.

Figure 7a: Converging process in labour market: marginal tax changes from BMS model to CGE model with flexible labour supply.
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This example shows that the introduction of conditional functional forms and progressive
marginal tax rates is not an obstacle to convergence. This is because the discrete functions and
complex rules are implemented at individual or household levels. When they are aggregated to
the national level to be transmitted to the CGE model, the detailed discontinuities largely cancel
out, so in this case, the BMS aggregations in the CGE model are still “well-behaved”, and,

therefore, the solution is easy to find.
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Figure 7b: Cobweb converging toward equilibtium in labour market: marginal tax changes with flexible labour supply.
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4.3 A note about tractability and solution time

As the sub-model is outside the CGE model structure, the solution time for solving a sub-model
and its linked CGE model can be substantially reduced, compared with an integrated model.
Take the first experiment of tariff reduction, presented in this paper, as an example. With an Intel
Core 15 computer, it takes the GEMPACK software 3 minutes and 44 seconds to produce a
Johansen solution for the integrated CGE model. Using the iterative approach and combining
the two models in one TABLO code?, it takes only 3 seconds for the CGE model to produce a
Johansen solution and the BMS model to produce a response file. If ten iterations are required
for a convergent solution, it still takes only 30 seconds to complete, a substantial gain in
computing time, especially when multiple experiments are required in a project. The difference in
solution time arises because the large BMS model is treated as a data processing task, rather than
as part of the large simultaneous equation system that describes the CGE model; this means that

the matrix to invert remains small despite the large number of households in the BMS model.
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5 SOME CONCLUDING REMARKS

This paper sought to “wrap” a CGE model around a BMS model to improve policy analysis by
accounting for potential GE effects. The proposed approach started with an integrated CGE
model to show how part of the model could be separated to from a sub-model, and still be
solved within the GE framework, using an iterative simulation method. Compared with
conventional CGE solution methods, the iterative approach is more flexible and provides an
alternative way of introducing sub-models with complex functional forms and behavioural

assumptions that are not normally solve-able in CGE models.

The key to this iterative approach is threefold. First, the database of the sub-model must be fully
consistent with that of the CGE model. Second, the model theories must not overlap and should
complement each other exactly. Third, to induce the iterative process to converge, a slack
variable 7zay be needed in some cases. In this paper, the saving rate in the CGE model is used as
the slack variable to realign the household budgets in the BMS model so that their aggregate

response is consistent with the budget constraint implied by the CGE model.

Although the approach is applied to the household module in this paper, the principles that
underlie the method could apply to other parts of a CGE model. To some extent, the household
sector may be easier to separate out than some of the industry sectors because its links with the
rest of the CGE model are relatively simple, but the principles discussed here are likely to be
useful in decomposing an industry sector from a CGE model and solve the two models
iteratively. A separate industry PE model could be useful for introducing those industry-specific
features that are difficult, if not impossible, to be incorporated into a CGE equation system. This
may lead to a more flexible modelling framework, better adapted to addressing specific policy
questions at sub-sectoral levels, while accounting for GE effects if required®. This could be an

important area for further research.
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NOTES

! There is extensive literature covering each area. See, for example, the surveys by Figari, Paulus, and Sutherland (2007) on income distribution
studies and a survey article on CGE-microsimulation modelling by Ahmed and O'Donoghue (2007).

2 Early examples can be found in Dixon, Malakellis, and Meaghe (1996) and Polette and Robinson (1997), who link a MS model, STINMOD,
developed by NATSEM, with a CGE model, MONASH, developed by the Centre of Policy Studies, to simulate the impacts of microeconomic
reforms on the distribution of incomes across Australian households.

3 The iterative approach was popular in solving so-called applied general equilibrium (AGE) models, pioneered by Scarf (1973) in the 1970s.
However, the AGE model was superseded by the CGE model in the 1980s, as the latter was able to provide relatively quick solutions for large
computable GE models for a whole economy. The iterative approach proposed in this paper is related conceptually to the early approaches.
Unlike those approaches, however, in this paper, the CGE model is solved via more efficient linear algebra techniques.

4 Savard (2003, footnote 8 on page 8) finds that “convergence was difficult with using the ‘Almost Ideal Demand System”.

5 Rutherford (1999) discusses the problems associated with what “in many settings [...] is known as the problem of exact aggregation” (p.2),
which occurs when two models that are interacting take different views of how household behaviour is determined. He also discusses conditions
under which “the demand function(s| describing a set of heterogeneous consumers can be replaced by the demand for a single agent”. As will be
shown below, this “problem of exact aggregation” does not arise in the context of this paper, because the individual functions are not aggregated
into a single function. Rather, the optimal guantities from each household from the BMS model are aggregated to use as exogenous changes for a
CGE model, in which the aggregate consumption function is omitted by design.

6 Savard and Annabi (2004) propose a checklist to help find a convergent solution with the TD-BU approach.

7 See, for example, Cogneau, and Robillard (2001); Cockburn (2006); Cororaton and Cockburn (2007); Cockburn et al. (2008).

8 For example, the theory and properties of a PE model may imply multiple equilibria. This would make it impossible to find a GE solution,
certainly using standard Johansen solution methods.

9 Bohringer and Rutherford (2006) propose a similar approach, which decomposes an energy model from an integrated MCP (Mixed
Complementarity Programming) model. This approach “puts strong emphasis on overall economic consistency and therefore makes use of a
single integrated modelling framework in order to ‘hard-link’ bottom-up and top-down features”. (Béhringer & Rutherford, 2006, p.1)

10 The simple CGE model is similar to the ORANI-style models developed at the Centre of Policy Studies.

11 Although the preferences of the representative consumer in the original CGE model and of each household in the extended model are both
Cobb-Douglas, the consumption shares for each household are different, making the aggregation into a single representative function non-trivial
and the responses from the multiple household specification is different from the response that would arise from a single representative
household specification.

12 We use the expression BMS to identify the household module even though at this stage of the paper it might not look very different from a
disaggregated household module in any other CGE model. In this context, the BMS consists of many households, each of which makes decisions
on the consumption side, based on a continuous, well-behaved individual (Cobb-Douglas) utility function, with fixed labour and capital
endowments. This is relaxed in Section 3, where the household module is replaced by a more conventional BMS with discrete choices in terms of
labour supply and step-wise increasing marginal income tax rates.

13 n this way, the theory of the two models does not overlap but complement each other strictly. Some might argue that this is not a “complete”
CGE model, because it does not account for consumer behaviour. Another way to look at this version of the CGE model is that it produces a
solution for other sectors subject to consumer demands. In this way, excising consumer demand is akin to adopting some simple closure rule for
other parts of a CGE model such as government expenditure or the trade balance.

14 For example, CAPITA-B, a BMS model that accounts for most of the characteristics of the Australian tax and transfer system and is in use in
several Australian Government departments. Marshall (2016) developed a platform and policy parameters (e.g. tax rates, transfer eligibility criteria
and taper rates, etc. are updated annually).

15 GEMPACK is a suite of economic modelling software developed by the Centre of Policy Studies, Victoria University, Australia.

16 This list includes all variables and equations that are required to solve for the GE solution, but does not include variables and equations that are
used exclusively for presentational purposes, such as those for aggregating quantities or averaging prices. The reporting variables can be added to
the models without affecting its solution.

17 More explanations about the use of saving rate as a slack variable will be given in the second example in section 2.

18 Tn the context of this paper, the “iteration” is a process of fdtonnement, which does not involve updating the databases. In each round, new

exogenous changes are applied to the #nitial database, that is, each model tests its responses to a new set of exogenous changes from its
counterpart until the two equilibrium solutions converge. In the CGE model, for example, the tariff reductions are repeated with a new set of
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quantity changes from the BMS model until all prices reach equilibtium. The different points in the figures show the different solutions that are
obtained from different combinations of the policy change and each new price or quantity changes that are tested, until the equilibrium is reached.

19 1f the aggregate saving rate is zero, changes in household disposable income in the CGE model must always be consistent with changes in
expenditure, because all changes in prices and quantities that produce the new equilibrium are consistent with changes in income and expenditure
aggregates. In such a case, there is no need for a slack variable because there is no discrepancy between household income and expenditure.

20 This model predates the well-behaved model shown in the first case and characterises the Australian economy in the early 1990s when the
aggregate household savings implied by the household survey was larger.

21 The author is grateful to Maureen Rimmer for pointing out that Dixon, Pearson, Picton and Rimmer (2005) use a similar partial adjustment
approach in a different context: to facilitate convergence when solving the MONASH model under rational expectations.

22 The wage rate is derived from labour income and hours worked as reported in the household data. For the unemployed, this (reservation) wage
is imputed as the wage rate for “labourer”.

23 For this illustration, only income tax is selected as a policy variable in determining labour supply behaviour. Although included in the model
and database, other policy vatiables such as transfer payments are assumed to be fixed and therefore not to affect labour supply.

24 Alternatively, individuals’ labour supply behaviour could be specified as a result of a utility maximisation problem as, for example, in the
CAPITA-B model (Marshal 2016). While this would increase solution time, it does not affect the principles presented here.

25 Tt may be possible to use some other more sophisticated methods to solve these models, but the approach advocated here demonstrates that
this may not be necessary.

26 This is a common specification in microsimulation models where labour supply is a function of after-tax income, including transfers, rather
than a function of wages. An alternative specification might be that the labour supply is determined by the marginal tax rate. In such a
specification, any changes in inframarginal tax rates do not affect labour supply. By contrast, linking labour supply to marginal changes in after-tax
income means that a change in any of the tax rates changes the amount of tax owed azd labour supply.

27 See Appendix A for an effective GEMPACK implementation.

28 Tt is worth noting that the approach is facilitated by using a simple CGE structure. For example, the principles could be used to link
MARKAL-type energy models with a simple CGE structure.
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